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What can Black Holes teach us about the IR and UV?
Basem Kamal El-Menoufi∗ and Sonali Mohapatra†
Department of Physics and Astronomy, University of Sussex, Brighton, BN1 9QH, United Kingdom
Combining insights from both the effective field theory of quantum gravity and black hole ther-
modynamics, we derive two novel consistency relations to be satisfied by any quantum theory of
gravity. First, we show that a particular combination of the number of massless (light) fields in the
theory must take integer values. Second, we show that, once the massless spectrum is fixed, the
Wilson coefficient of the Kretschmann scalar in the low-energy effective theory is fully determined
by the logarithm of a single natural number.
Introduction - The link between black holes and their
intrinsic thermodynamical behavior is perhaps the key to
a consistent theory of quantum gravity. The underlying
quantum degrees of freedom of a black hole must neces-
sarily account for its entropy [1–4]. Although currently
we are far from describing black hole “micro-states”,
powerful insights were revealed relying on effective field
theory lore. Indeed, Hawking radiation was discovered
by considering the quantum dynamics of matter fields in
a fixed black hole geometry [5].
Donoghue [6] demonstrated that quantum gravity, at
distances large compared to the Planck length, is well de-
scribed by an effective field theory (EFT). It is remark-
able that gravity lends itself naturally to the EFT frame-
work. All the unknown physics coming from the ultravi-
olet (UV) is encoded solely in the Wilson coefficients of
the most general diffeomorphism-invariant action. Simi-
lar to any UV-sensitive quantity in quantum field theory,
the Wilson coefficients can only be determined empiri-
cally. More importantly, long-distance quantum effects
furnish a set of reliable and parameter-free predictions of
the EFT, as they emerge from the low-energy portion of
loops containing massless (light) degrees of freedom.
Recently, some work has been done to adapt and uti-
lize the EFT framework to study quantum aspects of
black hole thermodynamics in the context of Euclidean
quantum gravity [7, 8]. In particular, it was shown that
the long-distance contribution to the partition function
is captured by covariant non-local operators. This is an
interesting development which, in particular, allows us
to quantify a set of quantum corrections to the various
thermodynamic relations governing black holes. Notably,
it was shown in [7, 8] that the non-local operators are re-
sponsible for generating the logarithmic correction to the
Bekenstein-Hawking entropy of Schwarzschild black hole.
The advent of gravitational wave observations [9] has
revived interest in using experimental data to test black
hole thermodynamics [10, 11]. In this paper we aim
to complement this endeavor, albeit by following a dif-
ferent approach. In particular, we utilize the structure
of the logarithmic contribution to the entropy, obtained
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through the EFT framework, to derive two consistency
relations that hold for any theory (model) of quantum
gravity. This is primarily achieved by invoking Beken-
stein’s conjecture [12] that the area of Schwarzschild
black hole has a discrete spectrum in any quantum theory
of gravity. In essence, the universality of the EFT and
black hole thermodynamics are the two main motivations
behind such relations.
The first relation sets a constraint on the number
of massless (light) fields coupled to gravity. To an
effective field theorist, this is indeed remarkable be-
cause gravity can generally couple to any number of
massless fields. The second relation constrains the
Wilson coefficient of the Kretschmann scalar, measured
at an arbitrary scale, to be determined in terms of
a single natural number. This is striking given that
experimental bounds are exceedingly weak on the
Wilson coefficients of quadratic gravity [13]. We will
now briefly review the basic ingredients necessary for the
derivation of the consistency conditions which will follow.
Black Hole Area Quantization - The proposal that
the area of a black hole is quantized relies on the
observation that the area appears to behave classically
as an adiabatic invariant. The initial evidence for this
conjecture came from the work of Christodoulou and
Ruffini [14, 15]. In particular, they showed that the
area of a non-extremal black hole does not change in
the process of absorbing a classical point particle, if
the capture takes place at the turning point of the
particle’s orbit. The implied reversibility of this process
hints towards the adiabatic invariance of the horizon
area [16]. Ehrenfest’s hypothesis [16, 17] states that
any physical quantity, which is classically an adiabatic
invariant, is quantized in the quantum theory. Following
this line of reasoning, one is presented with Bekenstein’s
quantization conjecture: The area of a black hole is
quantized in any theory of quantum gravity.
Now the natural question is, how does this quantized
area spectrum look like? Ascribing quantum mechanical
uncertainty to the particle captured by the black hole,
it is not difficult to show that there exists a minimal
increase in the horizon area [16, 18]. This motivated the
following spectrum [16, 19],
An = γ0l2pn, n = 1, 2, 3... , (1)
2where γ0 is some number that will be discussed later.
For some exhaustive reviews on this topic, the reader
is directed towards [16, 20]. The discrete nature of
the area spectrum has also been observed in quantum
gravity approaches, such as string theory [21], and loop
quantum gravity [22, 23]. Nevertheless, there is no
consensus regarding the uniformity of the spacing. In
Loop Quantum Gravity [24], in particular, the area
shows a highly non-uniform spectrum. In this paper,
remaining agnostic to the spacing, we use a generalized
quantization rule for the area as our starting point [25].
This will allow us not to dwell on any particular model
of quantum gravity.
EFT and black hole Thermodynamics - Hawking
and Gibbons pioneered a consistent approach to study
the thermal properties of black holes [26]. For a grav-
itational system at finite temperature, the partition
function of the canonical ensemble reads
Z(β) =
∫
DΨDg e−SE−S∂ . (2)
where Ψ stands for all matter fields coupled to gravity,
SE is the Euclidean action and S∂ denotes the Hawking-
Gibbons-York boundary action [27, 28]. As is custom-
ary from finite temperature field theory, the integral ex-
tends over (anti)-periodic field configurations for bosons
(fermions). For gravity the prescription is to sum over
positive-definite metrics with a fixed induced metric on
the boundary. In the canonical ensemble, the boundary
geometry is flat space on S1×R3 with the circumference
of the time circle given by β.
In a semi-classical evaluation of the partition function,
the Euclidean section of the black hole appears as a sad-
dle point. In [7], it was shown how to apply the tech-
niques of the EFT of quantum gravity to compute the
partition function, Eq. (2). As we alluded to in the intro-
duction, the partition function contains non-local opera-
tors which encapsulate the long distance dynamics. The
result simplifies if the background geometry is a Kerr-
Schild spacetime [7], which is the case for Schwarzschild
black hole. At one loop, or more precisely at next-to-
leading order in the EFT expansion, the partition func-
tion of Schwarzschild black hole in 4D is obtained by a
Wick rotation of the effective action [8]
lnZ = Γlocal[g¯] + Γln[g¯]− S∂ , (3)
where g¯ denotes the background Kerr-Schild spacetime.
First, we have
Γlocal[g¯;µ] =
∫
d4x
[M2P
2
R+ cr1(µ)R
2
+ cr2(µ)RµνR
µν + cr3(µ)RµναβR
µναβ
+ cr4(µ)∆R +O(R3)
]
. (4)
In the above, µ is the scale of dimensional regularization,
∆ is the 4D flat Laplacian on IR3 × S1, and let us note
that the cri are renormalized Wilson coefficients. Second,
the non-local portion reads
Γln[g¯] = −
∫
d4x
[
αR ln
(−∆
µ2
)
R+ βRµν ln
(−∆
µ2
)
Rµν
+ γRµναβ ln
(−∆
µ2
)
Rµναβ +Θ ln
(−∆
µ2
)
∆R
]
,
(5)
where the coefficients are finite numbers borne out of the
calculation and depend on the spin of the massless field
[7]. The action in Eq. (5) is expressed in quasi-local form,
and we truncated the partition function at second order
in the curvature expansion. The possible effects of the
higher curvature operators on the thermodynamics were
thoroughly discussed in [8]. Of most importance to our
analysis is the invariance of the partition function un-
der the renormalization group flow. Explicitly, the beta
function of the Kretchman scalar coefficient is
βc3 = −2γ . (6)
The logarithmic form factor in Eq. (5), ln
(−∆/µ2) at
first glance, is a very complicated object. Indeed, the
form factor is an integration kernel that must be evalu-
ated in position space and takes the form of a distribution
[8]
L(~x− ~x′) = − 1
2π
lim
ǫ→0
[
P
(
1
|~x− ~x′|3
)
+ 4π (ln (µǫ) + γE − 1) δ3(~x)
]
, (7)
where P stands for principal value. With the kernel in
hand, a direct evaluation of Eq. (5) is possible [8]
lnZ(β) = − β
2
16πG
+
[
64π2cr3(µ) + 2Ξ ln(µβ)
]
, (8)
where β = 8πGM and Ξ counts the number of light fields
minimally coupled to gravity
Ξ =
1
180
(
2NS +
7
2
NF − 26NV + 424
)
. (9)
In the above, NS , NF and NV are the number of scalars,
Weyl-fermions and vectors in our theory, and the num-
ber 424 is the contribution due to pure gravity. Using
the partition function one can immediately compute the
logarithmic correction to Bekenstein-Hawking entropy [7]
Sbh =
A
4G
+
(
64π2cr3(µ) + Ξ ln (µ
2A)) , (10)
where A = 16π(GM)2 is the horizon area of a
3Schwarzschild black hole1. The above structure reveals
the power of the EFT, in particular, there is a clear sep-
aration between the short distance and long-distance dy-
namics. All the unknown ultraviolet physics is encoded
in the renormalized Wilson coefficient, while the loga-
rithm of the area emerges from the infrared structure of
the theory.
Furthermore, we can manifest the invariance of
Eq. (10) under the renormalization group by using di-
mensional transmutation. The constant cr3(µ) is traded
off for a dimensionful quantity, AQG, as follows
cr3(µ) = −
Ξ
64π2
ln
(
µ2AQG
)
, (11)
and thus Eq. (10) takes the elegant form
Sbh = SBH + Ξ ln
( A
AQG
)
, (12)
where SBH = A/4G.
It is important to pause and provide the necessary
understanding, from the EFT standpoint, of the various
quantities in the above equation. First, the quantity
AQG is intrinsically tied to the UV completion of
quantum gravity. The constant cr3(µ), and thus AQG,
are in principle determined in either one of two ways. In
the presence of a full theory of quantum gravity, one can
extract AQG by matching the partition function, eq. (8),
onto its counterpart in the full theory. Alternatively,
cr3(µ), and thus AQG, could be determined empirically
at some infrared scale. Second, the quantity Ξ comprises
the massless spectrum of quantum gravity, which is an
input parameter for the effective theory without any a
priori constraints.
Constraints on the UV and IR - Now we derive
the main results of our letter. The basic premise in
our construction is to adopt the Bekenstein-Mukhanov
quantization conjecture. The fundamental statistical
content of Eq. (12) will allow us to derive two remarkable
constraints on both Ξ and AQG. The main power of the
EFT is that it pins down the exact fashion that the UV
physics, represented by AQG, is tied to the IR physics,
represented by Ξ. Given the universality of the EFT,
the constraints we derive below comprise consistency re-
lations on the structure of any potential UV completion
of quantum gravity, given the quantization conjecture is
materialized.
We start by considering an adequate generalization to
Eq. (1), as first given in [25]
An =
(
γ0n+ γ1n
δ + γ2 lnn
)
l2P, n = 1, 2, 3, ..... (13)
1 The logarithmic correction to the entropy has been the subject
of continuous interest, see [29–36].
where γ0, γ1, γ2 and (δ ≥ 0) are constants. The gen-
eralized form in Eq. (13) is motivated by the logarith-
mic corrections to the BH entropy [25], where n is in-
terpreted as a quantum number associated to the area
eigenstates of spherically symmetric black holes. Indeed,
black hole thermodynamics necessitates an underlying
statistical mechanical counting of the micro states [37].
In particular, the total number of micro-states accessi-
ble to the system (i.e. the degeneracy of eigenstate n) is
simply given by the exponential of the entropy
gn ≡ exp (Sbh(n)) , (14)
where, by construction, gn has to be a natural number N
to guarantee consistency of the underlying theory.
Given the black hole entropy in Eq. (12), we must ask
which values of AQG and Ξ would satisfy the requirement
that gn ∈ N for each and every eigenstate n. First of all,
let us plug Eq. (12) into Eq. (14). One finds
gn ≡ exp
(An
4l2P
)
exp
(
Ξ ln
An
AQG
)
∈ N, ∀n , (15)
and thus each exponential in the above expression must
individually be a natural number given any eigenstate2.
Second, in the first exponential we substitute for An us-
ing the quantization rule, Eq. (13), and find the following
constraints on the constants
γ0 = 4 lnk, γ1 = 4 lnk1, γ2 = 4q1 , (16)
where
k ∈ N/{1}, k1 ∈ N, (δ, q1) ∈ N ∪ {0} . (17)
Lastly, we examine the second exponential in Eq. (15)
and deduce the powerful condition
( An
AQG
)Ξ
∈ N , (18)
which, upon using Eq. (13), becomes
(
(γ0n+ γ1n
δ + γ2 lnn)l
2
P
AQG
)Ξ
∈ N, ∀n . (19)
We immediately notice that it is impossible to satisfy
the above condition, for each and every n, unless γ2 = 0.
2 Looking at Eq. (15), it is true that one might take each ex-
ponential to be a natural number up to a multiplicative n-
independent constant. More explicitly, exp
(
An/4l2P
)
= R1 · x
and exp
(
Ξ lnAn/AQG
)
= R2 · 1/x, where (R1, R2) ∈ N. With-
out loss of generality, we take x = 1.
4Hence, Eq. (19) simplifies
(
γ0n
l2P
AQG
)Ξ(
1 + nδ−1
γ1
γ0
)Ξ
∈ N, ∀n . (20)
This relation is quite constraining, because each factor in
the above equation must individually be a natural num-
ber. First off, one finds
γ1
γ0
= s, s ∈ N ∪ {0} . (21)
Given that γ0 and γ1 are both logarithms of natural num-
bers, cf. Eq. (16), it might prove impossible to satisfy
the constraint in Eq. (21). Therefore, it seems natural to
make the simple choice
k1 = 1→ γ1 = 0 . (22)
In addition, regardless of the what γ0 and γ1 might turn
out to be, Eq. (20) presents us with a pair of remarkable
constraints. First, the exponent Ξ in Eq. (20) must be a
natural number
1
180
(
2NS +
7
2
NF − 26NV + 424
)
= L , (23)
where
L ∈ N . (24)
Secondly, we have a constraint on the scale AQG
AQG
l2P
=
γ0
M1/L
, (25)
where another natural number emerges
M ∈ N . (26)
The above two relations comprise the main results of
this letter. The apparent simplicity of Eqs. (23-25) is
quite striking and offer a prime example the power of
the EFT framework. We stress that the validity of these
constraints indeed relies on the Bekenstein-Mukhanov
quantization conjecture.
Quantization rule for c3 - We can further process
Eq. (25) to derive a quantization rule for the Wilson
coefficient, cr3, which is practically the directly measur-
able quantity in the low-energy effective action. Fixing
a scale, say µ⋆, in Eq. (11)
cr3(µ∗) = −
Ξ
64π2
ln (µ2∗AQG) , (27)
we obtain
cr3(µ⋆) =
1
64π2
[
lnM− L ln γ0 − L ln
(
µ2⋆
8πM2P
)]
.
(28)
The above relation is quite non-trivial, because it forces
the value of the Wilson coefficient, at any scale, to take
on only very special values which must be expressible
in terms of a single natural number M, once γ0 and L
are fixed. This is, in essence, a quantization rule for the
coefficient of the Kretschmann scalar in the low-energy
limit of any UV model of quantum gravity. Although
we can not make similar statements about the other
constants in the action, i.e. those associated with the
Ricci scalar and Ricci tensor, we conjecture that simi-
lar relations extend to the rest of the constants in Eq. (4).
Field Counting - Another interesting feature of Eq. (28)
is that the size of cr3 depends crucially on IR data, given
by the number of massless (light) fields in the theory.
This furnishes a direct mixing between the UV and IR,
which is completely unexpected from the EFT perspec-
tive. One could say that black hole thermodynamics
provides a portal linking the IR to the UV. This raises
the question: What counts as a light field in the vicinity
of a black hole? This is a question where the EFT
provides an answer.
We note that there are two mass scales in our partition
function: the Planck mass,MP, and the mass of the black
hole, Mbh. For a field of mass m to be considered light
and enter Ξ, the condition [38] is
1
m2
∫
d4x
√
gRµναβ∇2Rµναβ ≫ 1 , (29)
where ∇2 = gµν∇µ∇ν . For Schwarzschild black hole this
translates into
m
MP
≪ 8
√
3π2MP
Mbh
. (30)
Thus, the heavier the black hole, the lighter the field has
to be. A quick back-of-the-envelope calculation shows
that for a solar mass black hole, only strictly massless
particles would contribute to Ξ, if and only if we restrict
ourselves to the standard model. Of course, in this
case Eq. (23) hints at the presence of massless particles
beyond the standard model.
Outlook - To conclude, what can black holes teach
us about the IR and UV? On the formal level, the
results of this paper present profound glimpses into the
the IR structure of any potential UV completion of
quantum gravity. Given that any consistent model (or
theory) of quantum gravity must possess a low-energy
limit, Eqs. (23) and (28) severely restrict the structure
of the theory in the UV. Most notably, the massless
spectrum in quantum gravity is intimately linked,
through Eq. (28), to the classical limit of the quantum
theory beyond general relativity.
On the phenomenological level, it is hard to overstate
the relevance of Eqs. (23) and Eq. (28). For starters,
gravitational wave astronomy has lead to a surge in
studying black hole solutions in theories beyond general
5relativity, in particular, quadratic gravity [39–41]. The
quasi-normal modes of such black holes is surely a func-
tion of the Wilson coefficient c3, see for example [42].
The quantization condition on c3, Eq. (28), would then
furnish interesting relations among the possible values of
the quasi-normal frequencies. If such exotic black holes
exist, and are detected via gravitational wave observa-
tions, then one can certainly hope to test the Bekenstein-
Mukhanov quantization conjecture.
Furthermore, Eq. (23) provides a potential constraint
on new models of particle physics that predict new mass-
less or light states, such as dark photons, light axions,
and extra (possibly sterile) neutrino flavors. For exam-
ple, we see that the simplest way of satisfying Eq. (23) is
to have NS = 1, NF = 4, NV = 10, which corresponds
to L = 1. Thus, given this number set we can merely ac-
commodate, on top of the standard model, a single dark
photon, one super-light axion in addition to a specified
number of neutrino flavors (which depends on whether a
standard model neutrino turns out to be massless).
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